Abstract. We introduce a 2-variable polynomial invariant for a virtual link derived from virtual magnetic graph diagrams, and using this invariant we prove the splitting of the Jones-Kau¤man polynomial with respect to the powers module four.
Introduction
A virtual link diagram is a link diagram in R 2 possibly with some encircled crossings without over/under information, called virtual crossings. A virtual link ( [6] ) is the equivalence class of such a link diagram by generalized Reidemeister moves (Reidemeister moves of type I, of type II, of type III and virtual Reidemeister moves of type I, of type II, of type III, and of type IV illustrated in Figure 1 ). In [6] , Kau¤man defined a polynomial invariant f L ðAÞ A Z½A 2 ; A À2 for a virtual link L, which we call the Jones-Kau¤man polynomial. For a classical link L, it is the Jones polynomial V L ðtÞ after substituting ffiffi t p for A 2 . In particular, for a classical link L, we have f L ðAÞ A Z½A 4 ; A À4 or f L ðAÞ A Z½A 4 ; A À4 Á A 2 according as the number of components of L is odd or even, respectively. However, for a virtual link L, f L ðAÞ is decomposed nontrivially into two parts belonging to Z½A 4 ; A À4 and to Z½A 4 ; A À4 Á A 2 . For example, the Jones-Kau¤man polynomial of L in Figure 2 is
Þ. The purpose of this paper is to define a 2-variable polynomial invariant for a virtual link by using magnetic graphs and to show how the splitting of the Jones-Kau¤man polynomial in the sense above is related to this invariant.
Our invariant was introduced by the second author at the regional conference on knot theory held in Yamagata, Japan in January of 2004.
In Section 2, the definitions and results are given. Sections 3 and 4 are devoted to the proofs. In Section 5, we observe the invariants for checkerboard colorable virtual link diagrams.
Preliminaries and results
A magnetic graph in the 3-sphere S 3 is a 2-valent graph G in S 3 such that the edges of G are oriented alternately as in Figure 3 . We allow G to have components consisting of closed edges without vertices.
A magnetic graph diagram is a projection image on a plane equipped with over/under information on each crossing. See Figure 4 , for example. A virtual magnetic graph diagram, which is written as VMG diagram for short, is a magnetic graph diagram possibly with some encircled crossings without over/under information, called virtual crossings. See Figure 5 . Crossings that are not encircled are called real crossings. If two VMG diagrams are related by a finite sequence of generalized Reidemeister moves, they are said to be equivalent.
Let D be a VMG diagram whose crossings are all virtual and eðDÞ the set of edges of D. A weight map of D is a map s : eðDÞ ! fþ1; À1g such that sðeÞ 0 sðe 0 Þ for magnetically adjacent edges e and e 0 of D. The image of an edge e of D by a weight map s is called the weight of e with respect to s. See Figure 6 , for example, where each edge e is labeled its weight sðeÞ.
When a weight map s is given, for a virtual crossing v of D where edges e and e 0 intersect, the parity of v with respect to s is defined to be the product of two weights sðeÞ and sðe 0 Þ and denoted by i s ðvÞ. We call v a regular crossing or an irregular crossing with respect to s according as i s ðvÞ ¼ þ1 or i s ðvÞ ¼ À1, respectively. The parity of D is defined to be the product of parities over all virtual crossings. By Lemma 1 below, we denote it by iðDÞ regardless of s. In other words, iðDÞ ¼ þ1 if the number of irregular crossings of D is even; otherwise iðDÞ ¼ À1. For example, there are 5 irregular crossings in Figure 6 and iðDÞ ¼ À1. Let D be a VMG diagram, and let p be a real crossing. By doing 0-splice (resp. y-splice) at p, we mean the local replacement nearby p illustrated in Figure 7 . A state of D is a VMG diagram obtained from D by doing 0-splice or y-splice at each real crossing. (Our states correspond to oriented states in [5] .) The set of states of D is denoted by sðDÞ. We denote by C 0 ðD; SÞ (resp. C y ðD; SÞ) the set of real crossings of D where 0-splices (resp. y-splices) are applied to obtain a state S from D. We also denote the sign of a real crossing p by signðpÞ.
For a VMG diagram D, we define
where \S is P Thus, we have We also see that iðSÞ ¼ iðS 0 Þ by the following. As for the move of type I, the virtual crossing of S in B is always regular. So, the parity of the crossing is equal to 1. As for the move of type II, the product of parities of the two virtual crossings of S in B is equal to 1 for any weight map for S. As for the move of type III, the product of parities of the three crossings of S in B is equal to that of S 0 in B regardless of the weight map. Proof. Note that S 0 is a VMG diagram without vertices. Considering the weight map of S 0 sending all edges to 1, we see that iðS 0 Þ ¼ 1 and Repeat this procedure until we have a 1-component VMG diagram, say D 0 , whose chord diagram is as in Figure 9 where all chords are parallel. Let n be the number of real crossings of D 0 . Then the number of real crossings of D is congruent to m À 1 þ n modulo 2. Since the writhe oðDÞ is congruent to the number of real crossings of D modulo 2, we have oðDÞ 1 m þ n À 1 mod 2: Note that we obtain S 0 from D 0 by doing 0-splices at the n real crossings of D 0 . Thus, we have
Since S 0 is the state obtained from D by doing 0-splices at all real crossings of D, \S 0 ¼ P p signð pÞ ¼ oðDÞ.
Therefore, we have 
Proof. We suppose that S is a state of D done 0-splice at p and that S 0 is the state obtained from S by switching 0-splice to y-splice at p. Let B be the stage where we switch the splice. There are the following three cases.
The crossing p is normal with respect to S in the cases (i) and (ii), and it is not in the case (iii). Let e 1 and e 2 be the two edges of S V B. The edge e j splits to two edges e 0 j and e 00 j of S 0 V B for j ¼ 1; 2 as in Figure 10 . Put G ¼ SnB ¼ S 0 nB, which is a union of two arc components, say C 1 and C 2 , and some loop components. A weight map s of S (or s 0 of S 0 ) induces a weight map of G, which we denote by the same symbol s (or s 0 , respectively).
Consider the case (i). Observing the orientations of e 1 and e 2 , we see that there are odd numbers of vertices on C 1 and C 2 , respectively. Fix a weight map s of S such that sðe 1 Þ ¼ 1 and sðe 2 Þ ¼ À1. 
For j ¼ 1; 2, we have
Let S be a state of D, which is the union of a state 
Since 
